Abstract: We consider in this paper the simultaneous problem of optimal robust stabilization and optimal tracking for SISO systems in an L 1 -setting using a two-parameter compensator scheme. Optimal robustness is linked to the work done by Georgiou and Smith in the L 2 -setting. Optimal tracking involves the resolution of L 1 -optimization problems. We consider in particular the robust control of delay systems. We determine explicit expressions of the Bezout factors for general delay systems which are in the Callier-Desoer clasŝ B(0). Finally, we solve several general L 1 -optimization problems and give an algorithm to solve the optimal robust control problem for a large class of delay systems.
Let f 2 L p , (f) = supf t 2 R + ; f(x) = 0 a:e: on (0; t)g.
A linear continuous-time system G is de ned as a linear integral convolution operator G from L p to L p .
The system G is L p -stable if kGk <p> , sup
kGxk L p kxk L p < 1. A( ) denotes the space of distributions of the form g(t) = g a (t)+ A ? ( ) = fĝ =ĝ 2Â( 1 ) for some 1 
is such that G = NU DU is a normalized coprime factorization. INRIA 
Introduction
In this paper we consider the robust control of in nite dimensional SISO systems with a special emphasis on delay systems and particularly on the delay integrator as it is the system which motivated our study. In fact, through an industrial problem of car depollution we were faced with the problem of optimally robustly stabilizing a delay integrator as well as making it optimally track a constant signal output over time of unit amplitude. This is a simplystated problem, but there is no existing method for it in the literature.
Optimal robust stabilization for the standard feedback problem in the L 2 -setting has been considered by Georgiou and Smith 4] when uncertainty is based on perturbations on the coprime factors of the system (or on perturbations in the gap metric). In the case of delay systems of the form G(s) = e ?sT R(s) where R(s) is a strictly proper rational function and T > 0, an explicit formula for the optimal robust controller is given as well as the value of the optimal robustness margin. However, this formula is not obtained using the Youla parametrization of the stabilizing controllers and the resolution of an optimization problem in H 1 as set in the generic case but is a closed form expression. Thus it is impossible to modify this expression to be able to act on the tracking quality of this controller.
At this point, the idea is to consider a two-parameter scheme instead of the standard feedback con guration. In this scheme too, the controllers are parametrized in terms of the Bezout factors of the system. Kamen, Khargonekar and Tannenbaum 5] and more recently Brethe and Loiseau 6] and Gl usingLuer en 7] considered the existence of coprime factorizations of time-delay systems with commensurate time-delays. They proved that the set of entire functions over R(s) e ?s ] is a Bezout domain. In 6] we can nd an algorithm to compute the coprime factorizations for such delay-systems. The stabilizing controllers (of the standard feedback scheme) obtained through the standard Youla parametrization produce control laws which contain commensurate and distributed delays. Now, the practical problem leads us to consider an L 1 -setting rstly because we consider persistent signals and secondly because we intend to measure the L 1 -quality of the tracking. It was Vidyasagar 8] in the L 2 -setting as well as convergence results of optimal controllers and robustness margins of nite dimensional systems to those of in nite dimensional systems. Those results will be helpful in the study of the present paper. The paper is organized as follows. In section 2 we formulate the double problem of optimal robust stabilization and optimal tracking through a two-parameter compensator scheme for general in nite dimensional systems. In section 3 we propose a family of (eventually normalized) coprime factorizations and Bezout factors for a class of delay systems. In section 4 we solve for di erent classes of systems the L 1 -optimization problem that was posed in section 2. Finally, we give a general algorithm to solve the proposed robust control problem.
2 Robust stabilization and tracking for innite dimensional systems
We consider in this section, the simultaneous problem of robust stabilization and tracking.
Given a linear continuous-time in nite dimensional system G de ned as: Here, we denote the external inputs r (reference signal) and d (disturbance).
If we take C 1 = C 2 (denoted C), we obtain the standard feedback con guration below: The input-output relation corresponding to Figure 3 is described as follows: 
The stability of G 1 ; (C 1 ; C 2 )] depends on the invertibility of
Clearly, Proposition 6.1, Proposition 6.2 and Proposition 6.3 of 14] giving results on the robust stabilization through a standard feedback scheme as well as Proposition 6.4 giving convergence results are still valid here. We recall these propositions in our context of the two-parameter compensator scheme. Let (G n ) n be a sequence of transfers such that G n ????! n!1 G in the BIBO gap topology and C opt 2n (respectively C opt 2 ) be the optimal robust controller of G n (respectively G) relatively to coprime factor perturbations. Let us now state the tracking problem we want to solve. Consider here that we want to optimally track in L 1 the output reference r de ned by r(t) = 1 for t 0. In applications, it is di cult to be sure that we will be able to produce the precise reference output, we might as well produce a signal which is only \near" the reference signal. So, it is more realistic to try to track a family of reference signals. We denote (S 0 ) the system without delay: We have jG(iy)j ??????! y! 1 0 and this means that there is no impulse term in the impulse response. So the delays t i do not contribute impulse terms to the impulse response. However they modify the L 1 -part of the impulse response and can make it fail to be in L 1 .
We are looking here at robustness of stability relatively to coprime factor perturbations; we recall that for strictly proper systems a change in the delay (in the input, output or state) corresponds to a variation in the BIBO gap topology. More complicated results can be proven similarly, taking a collection of di erent delays, all tending to zero. .
Those factors depend on the delay but is this dependence continuous in the BIBO gap topology as it is the case for the normalized coprime factorizations? This continuity would be useful to establish convergence in the BIBO gap topology for controllers of the system with delays to controllers of the delay free system.
The next result proves more generally that Theorem 3.1 produces Bezout factors which are continuous respectively to variations of the coprime factors in the BIBO gap topology. Remark 3.4 If h 1 has zeros on the imaginary axis, they may become stable zeros of h 1 for arbitrarily small. To obtain Bezout factors converging in this case, it is necessary to modify the construction of theorem 3.1, interpolating at the corresponding stable zeros of h 1 , as well as the unstable ones. Example 3.5 Consider G T (s) = h T 2 (s) h T 1 (s) with h T 2 (s) = e ?sT h 2 (s) and h T 1 (s) = h 1 (s) where h 2 (s) and h 1 (s) are polynomials as in remark 3.1 such that G T (s) is strictly proper. As a variation in the delay is a variation in the BIBO gap topology, we can deduce from the above proposition that the Bezout factors X T and Y T of G T depend in a continuous fashion on the delay T. g is invertible in L 1 `1 () (g) 6 = 0 8 2 ;
where is the set of all characters on L 1 `1.
Recall that a character is a complex homomorphism : L 1 `1 ?! C with
It We consider now the resolution of equations of the type 4.1 rstly in the case which motivated our study, the delay integrator, and so consider in the next paragraph delay systems of the type G(s) = e ?sT s ?
. We will consider more general systems in the paragraph 4.2. The case of L 1 functions which have zeros on the imaginary axis is di cult unless those functions are of the type e ?st R(s) with R rational in which case we can determine (g) using the nite dimensional results of Vidyasagar.
Conclusion
For delay systems which have a coprime factorization (N; D) overÂ with N 2 L 1 and N has only a nite number of zeros in f<(s) > 0g the robust control problem set in section 2 can be solved using the following algorithm:
Step 1: Find fU g 0 such that kW(I ? NU )kÂ ???! !0 inf U2Â kW(I ? NU)kÂ.
INRIA
Step 2: Find (G n ) n 0 a sequence of nite dimensional transfer function such that G n ????! n!1 G in the BIBO gap topology.
Step 3: Find Q opt n such that where for C opt 2 we can take the closed form formula of the optimal robust controller determined by Dym, Georgiou and Smith 24] so that we get in this scheme an optimal robust controller and suboptimal tracking controller.
